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The quantization scheme is suggested for a spatially inhomogeneous 1+1 Bianchi I model. The
scheme consists in quantization of the equations of motion and gives the operator (so-called quasi-
Heisenberg) equations describing an explicit evolution of a system. Some particular gauge suitable
for quantization is proposed. The Wheeler-DeWitt equation is considered in the vicinity of zero
scale factor and it is used to construct a space, where the quasi-Heisenberg operators act. Spatial
discretization as a UV regularization procedure is suggested for the equations of motion.
PACS numbers: 98.80.Qc, 04.60.Nc,11.10.-z
I. INTRODUCTION
Spatially homogeneous minisuperspace models [1–3]
are often used as a testbed for the quantum gravity [4–
9]. Inhomogeneous 1+1 Bianchi I model belongs to the
so-called midisuperspace models [10] and has more rich
properties, in particular, it admits an existence of gravi-
tational waves. This model can be reduced to the Gowdy
one [11] for which the solution of the Wheeler-DeWitt
equation has been obtained in a closed form [12, 13].
However, the solution of the Wheeler-DeWitt equation
does not resolve the problem of the gravity quantization
completely. An interpretation of the Wheeler-DeWitt
equation encounters the absence of a variable, which
would play the role of time, and all approaches to the
quantum gravity face, as a rule, this challenge. Some ap-
proaches regarding the relation of the Wheeler-DeWitt
equation to dynamics have been suggested [14, 15]. Also,
there exists a more straightforward approach consisting
in quantization of the equations of motion [16–18]. The
result of quantization is the so-called quasi-Heisenberg
operators.
Below we apply this approach to the quantization of
the Bianchi I model. The reason why we investigate the
Bianchi I model instead of the Gowdy one is that the
former has a Hamiltonian, which is diagonal on the mo-
mentums. Besides, it divides naturally a spatial geom-
etry into the scale factor and the remaining conformal
geometry [19], while the Gowdy model suggests another
separation.
Let us remind the quasi-Heisenberg picture in more de-
tails. It is well-known that there are two equivalent quan-
tum mechanical pictures: Schro¨dinger and Heisenberg
ones. Both picture are interrelated. In quantum gravity
the situation is more complicated. There is the Wheeler-
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DeWitt equation, which does not admit any evolution.
However, it is possible to obtain an analog of the Heisen-
berg picture, that is so-called quasi-Heisenberg picture.
In fact it results from a direct quantization of the clas-
sical equations of motion. To quantize the equations of
motion one should write the classical equations of motion
and assume that every quantity is an operator. Then, one
has to choose some ordering of the operators in the equa-
tions of motion. Later on, it should define the operator
initial conditions for the quasi-Heisenberg operators at
an initial moment of time. Thus, the constructed equa-
tions of motion and operator initial conditions define the
quantum evolution of a system completely. Besides, the
Hilbert space, where the quasi-Heisenberg operators act
has to be builded.
The plan of this paper is the following: in Section 2,
we explain the basic structures of a classical nonuniform
Bianchi model including constraints algebra and evolu-
tion of constraints. In Section 3, we put forward the ba-
sic principles of the quasi-Heisenbeg quantization scheme.
In Section 4, the discretization of the equations of mo-
tion and operator ordering are discussed. In Section 5,
we expose how the results obtained can be applied to the
problem of vacuum state formation and to the problem
of vacuum energy.
II. NONUNIFORM BIANCHI MODEL
Let us consider the metric given by the interval
ds2 = e2α
(
dη2 − e−4Bdx2 − e2B+2
√
3V dy2
− e2B−2
√
3 V dz2
)
, (1)
where the functions α,B, V depend on the conformal
time η and the spatial coordinate x. The spatially ho-
mogeneous metric of such a type has been considered in
Ref. [20].
2Substitution of this metric into the Einstein equations
allows obtaining a set of five independent equations. Two
of them are the Hamiltonian and the momentum con-
straints
H = 1
2
e2α
(−(∂ηα)2 + (∂ηB)2 + (∂ηV )2)+ e2α+4B
(
1
6
(∂xα)
2 +
1
3
∂xxα+
7
6
(∂xB)
2
+
1
3
∂xxB +
4
3
∂xα∂xB +
1
2
(∂xV )
2
)
= 0, (2)
P = e2α
(
−1
3
∂xα∂ηα+ ∂xB∂ηB +
2
3
∂xα∂ηB + ∂xV ∂ηV +
1
3
∂x∂ηB +
1
3
∂x∂ηα
)
= 0, (3)
and the rest are the equations of motion
∂ηηα− e4B
(
∂xxα+ (∂xα)
2 + (∂xV )
2 +
7
3
(∂xB)
2 +
2
3
∂xxB + 4∂xB∂xα
)
+ (∂ηα)
2 + (∂ηV )
2 + (∂ηB)
2 = 0, (4)
∂ηηB +
1
3
e4B
(
∂xxB + 2(∂xB)
2 + 6(∂xV )
2 − 2(∂xα)2 + 2∂xα∂xB + 2∂xxα
)
+ 2∂ηB∂ηα = 0, (5)
∂ηηV + 2∂ηV ∂ηα− e4B (∂xxV + 2∂xV ∂xα+ 4∂xB∂xV ) = 0. (6)
The full Hamiltonian H =
∫ Hdx has to be zero during
an evolution of system.
The relevant Hamiltonian and the momentum con-
straints written in the terms of momentums piV ≡
δH
δ(∂ηV )
= e2α∂ηV , piB ≡ δHδ(∂ηB) = e2α∂ηB and pα ≡
− δHδ(∂ηα) = e2α∂ηα take the form
H = 1
2
e−2α
(−p2α + pi2B + pi2V )+ e2α+4B
(
1
6
(∂xα)
2 +
1
3
∂xxα+
7
6
(∂xB)
2 +
1
3
∂xxB +
4
3
∂xα∂xB +
1
2
(∂xV )
2
)
, (7)
P = −pα∂xα+ piB∂xB + piV ∂xV + 1
3
∂xpiB +
1
3
∂xpα. (8)
Using the Poisson brackets
{F (x), G(x′)} =
∫ (
− δF (x)
δpα(ξ)
δG(x′)
δα(ξ)
+
δF (x)
δα(ξ)
δG(x′)
δpα(ξ)
+
δF (x)
δpiV (ξ)
δG(x′)
δV (ξ)
− δF (x)
δV (ξ)
δG(x′)
δpiV (ξ)
+
δF (x)
δpiB(ξ)
δG(x′)
δB(ξ)
− δF (x)
δB(ξ)
δG(x′)
δpiB(ξ)
)
dξ (9)
one may obtain the constraint algebra:
{H(x),H(x′)} = (P(x)e4B(x) + P(x′)e4B(x′))δ′(x′ − x),
{P(x),P(x′)} = (P(x) + P(x′))δ′(x′ − x),
{H(x),P(x′)} = 2
3
(H(x) +H(x′))δ′(x′ − x)
−H
′(x)
3
δ(x′ − x).
It is also possible to find the evolution of constraints
by calculation of their Poisson brackets with the Hamil-
tonian H :
∂ηP(η, x) = {H,P(η, x)} = 1
3
∂xH(η, x), (10)
∂ηH(η, x) = {H,H(η, x)} = ∂x
(
e4B(η,x)P(η, x)
)
. (11)
3III. QUANTIZATION
The quantization procedure consists of two stages. At
the first stage we formulate the initial conditions for the
quasi-Heisenberg operators using the Dirac brackets [21].
Thereafter it will be permissible for operators to evolve
in accordance with the equations of motion, considered
as the operator equations. To determine the initial com-
mutation relations, we will use the Dirac quantization
procedure [21–23] where besides the constraints, an ad-
ditional gauge condition is needed.
Let us take the following gauge at the initial moment
of time
A = α− α0 = 0, (12)
B = ∂xpiB = 0, (13)
where α0 should be tended to −∞ finally.
For quantization by means of the Dirac brackets
[21], one has to calculate the matrix Mij(x, x
′) =
{Φi(x),Φj(x′)}, where a set of constraints is
Φi = (H,P ,A,B).
At the shell of constraints Φi(x) = 0, the matrix
Mij(x, x
′) in the vicinity of α0 → −∞ has the form
M(x, x′) =


0 0 pα(x)δ(x−x
′)
exp(2α0)
0
0 0 − δ′(x−x′)3 piBδ′′(x− x′)
− pα(x)δ(x−x′)exp(2α0) −
δ′(x−x′)
3 0 0
0 −piBδ′′(x− x′) 0 0

 . (14)
The primed functions correspond to their differentiation
over an argument.
Due to antisymmetry of the Poison brackets,Mij(x, x
′)
obeys the identityMij(x, x
′) = −Mj i(x′, x). The inverse
matrix satisfying
∫
Mij(x, x
′′)M−1j k (x
′′, x′)dx′′ = δikδ(x−
x′) is given by
M
−1(x, x′) =


0 0 −e2α0 δ(x−x′)pα(x) e2α0
θ(x−x′)
3pα(x)piB
0 0 0 −∆(x−x′)piB
e2α0 δ(x−x
′)
pα(x)
0 0 0
−e2α0 θ(x′−x)3pα(x′)piB
∆(x′−x)
piB
0 0

 ,
where ∆(x − x′) = |x − x′|/2 is a Green function of the
one dimensional Laplace operator: d
2∆
dx2 = δ(x − x′) and
θ(x− x′) = ∆′(x− x′).
According to Ref. [21], the Dirac brackets result in the
commutation relations for the corresponding operators
at an initial moment of time after multiplication by −i.
Calculation of the Dirac brackets
{G(x), F (x′)}D = {G(x), F (x′)} −
∑
i,j
∫
{G(x),Φi(x′′)}M−1ij (x′′, x′′′){Φj(x′′′), F (x′)}dx′′dx′′′
leads to
{piV (x), V (x′)}D = δ(x − x′),
4{piB(x), B(x′)}D = 0,
{pα(x), α(x′)}D = 0,
{piB(x), V (x′)}D = 0,
{piB(x), pα(x′)}D = 0,
{B(x), V (x′)}D =
− 1
piB
(
θ(x− x′)∂x′V (x′) + piV (x)
3pα(x)
δ(x− x′)
)
,
{B(x), pα(x′)}D =
1
piB
(
∂x′pα(x
′)θ(x′ − x) + pi
2
V (x)
pα(x)
δ(x′ − x)
)
,
{pα(x), V (x′)}D = piV (x)
pα(x)
δ(x′ − x),
{piB(x), α(x′)}D = 0. (15)
From the foregoing it follows that α and piB are ini-
tially c-numbers in the gauge considered. In fact, we use
some time-dependent gauge. Such a gauge is known only
at an initial moment of time. Hence, the commutation
relations in the model under consideration can evolve.
Operator realization of the commutation relations at
the initial moment of time (and at α0 → −∞) may be
written as
pˆiV (x) = −i δ
δV (x)
,
pˆα(x) =
√
pˆi2V (x) + pi
2
B ,
Bˆ(x) = B0 − 1
piB
(∫ ∞
−∞
θ(x − x′)S(pˆiV (x′)∂x′V (x′))dx′
+
1
3
pˆα(x)
)
,
where the symbol S denotes symmetrization of the non-
commutative operators, i.e. S(AˆBˆ) = 12 (AˆBˆ + BˆAˆ) or
S(AˆBˆCˆ) = 16 (AˆBˆCˆ + BˆAˆCˆ + AˆCˆBˆ + . . . ), and B0, piB,
α(x) = α0 are some c-number constants.
It is important to note that the spatially uniform quan-
tities B0, piB , α0 turn out to be the c-numbers, but
not the operators. Otherwise, the commutation relations
(15) will have some constants besides δ and θ functions
on the right hand sides. The crucial point here is that an
infinite system is considered. Indeed, if a finite system
like a finite string is quantized, some constants appear
already in the matrix M (see, for instance, Eq. (4.50)
from Ref. [22]). It leads to appearance of the quantum
spatially uniform variables, which correspond to motion
of the string center of mass. From this standpoint, the
approach of Ref. [24] to a spatially uniform quantized
background seems to be appropriate for a closed uni-
verse, which is finite by definition. Nevertheless, such
an approach is inadequate for an open and flat universe,
which is infinite.
Thus the equation of motion (4),(5),(6) should be con-
sidered as the operator equations with the initial condi-
tions
Vˆ (0, x) = V (x),
Vˆ ′(0, x) = −i e−2α0 δ
δV (x)
,
Bˆ(0, x) = B0
− 1
piB
(∫ ∞
−∞
θ(x − x′)S
(
−i δ
δV (x′)
∂x′V (x
′)
)
dx′
+
1
3
√
− δ
2
δV 2(x)
+ pi2B
)
,
Bˆ′(0, x) = e−2α0piB,
αˆ(0, x) = α0,
αˆ′(0, x) = e−2α0
√
− δ
2
δV 2(x)
+ pi2B, (16)
where piB, B0 are some constants and α0 should be tended
to −∞.
Rewriting Eqs. (16) in the momentum representation,
where pˆiV (x) = piV (x) and Vˆ (x) = i
δ
δpiV (x)
gives
Vˆ (0, x) = i
δ
δpiV (x)
, Vˆ ′(0, x) = e−2α0piV (x),
Bˆ(0, x) = B0
− 1
piB
(∫ ∞
−∞
θ(x − x′)S
(
piV (x
′) i∂x′
δ
δpiV (x′)
)
dx′
+
1
3
√
pi2V (x) + pi
2
B
)
,
Bˆ′(0, x) = e−2α0piB , αˆ(0, x) = α0,
αˆ′(0, x) = e−2α0
√
pi2V (x) + pi
2
B . (17)
The second stage of quantization procedure consists in
building of the Hilbert space, where the quasi-Heisenberg
operators act. At this stage we return to the classical
Hamiltonian (2) and momentum (3) constraints. The
momentum constraint and the corresponding gauge con-
dition (13) are resolved relatively the variable B and its
momentum piB. Then, these quantities are substituted to
the Hamiltonian constraint, which is then quantized and
considered as the Wheeler-DeWitt equation in the vicin-
ity of a small scale factor a ∼ 0, i.e. ln a = α → −∞.
Thus, we come to
(
δ2
δα(x)
− δ
2
δ2V (x)
+ pi2B
)
Ψ[α, V ] = 0, (18)
where it is taken into account that piB is some constant.
Space of the negative frequency solutions of (18) forms
the Hilbert space for the quasi-Heisenberg operators.
In the general case, a solution of Eq. (18) has the form
5of the wave packet
Ψ[α, V ] = (19)∫
C[piV ] e
∫ (−iα(x)
√
pi2
B
+pi2
V
(x)+ipiV (x)V (x)
)
dxDpiV ,
where DpiV denotes the functional integration over piV (x)
and only negative frequency solutions are taken.
Scalar product has a form [5, 16–18]
< Ψ|Ψ >= i Z
∏
x
∫ (
Ψ∗[α, V ]Dˆ−1/2(x)
δ
δα(x)
Ψ[α, V ]−
(
Dˆ−1/2(x)
δ
δα(x)
Ψ∗[α, V ]
)
Ψ[α, V ]
)
dV (x)
∣∣∣∣
α(x)=α0→−∞
(20)
where Dˆ(x) = − δ2δV 2(x) + pi2B and Z is a normalization
constant. Here, the infinite product is taken over x and
has to be understood as a result of limiting process on a
x-space lattice.
Mean value of an arbitrary operator can be evaluated
as
< Ψ|Aˆ[α,−i δ
δV
, V ]|Ψ >= i Z
∏
x
∫ (
Ψ∗[α, V ]Aˆ Dˆ−1/2(x)
δ
δα(x)
Ψ[α, V ] (21)
−
(
Dˆ−1/2(x)
δ
δα(x)
Ψ∗[α, V ]
)
AˆΨ[α, V ]
)
dV (x)
∣∣∣∣
α(x)=α0→−∞
.
Let us note that the hyperplane α(x) = α0 along which
the integration is performed in (21) coincides with the
initial condition for the quasi-Heisenberg operator αˆ in
(17). The most convenient momentum representation re-
sults in the wave function ψ
ψ[α, piV ] = C[piV ] exp
(
−i
∫
α(x)
√
pi2V (x) + pi
2
B dx
)
.
(22)
Then, a mean value of an operator becomes
< ψ|Aˆ[α, piV (x), i δ
δpiV (x)
|ψ >=
∫
C∗[piV ]e−i
∫
α(x)
√
pi2
V
(x)+pi2
B
dxAˆ ei
∫
α(x)
√
pi2
V
(x)+pi2
B
dx
C[piV ]DpiV
∣∣∣∣
α(x)=α0→−∞
. (23)
Thus, one has an exact quantization scheme consisting
of the Wheeler-DeWitt equation in the vicinity of small
scale factor (18), the operator initial conditions (16) for
the equations of motion (4,5,6) and the expressions (21),
(23) for calculation of the mean values of operators.
IV. DISCRETIZATION OF THE OPERATOR
EQUATIONS
Although the above quantization scheme is exact it
can not be applied for numerical calculations, because
infinite quantities will arise if one attempts to calculate
some mean values by means functional integration. At
least two generations of physicists can not overcome di-
vergencies arising in rigorous operator formulation of the
ordinary QFT in the 4-dimensional Minkowsky space, al-
though some success for the (1+1) and (1+3) – dimen-
sional models has been reached [25]. To overcome these
difficulties, we purpose a discretization method for regu-
larization of the functional operator equations. The ele-
mentary discretization consists in choosing of some spa-
tial box of length L and granulation of it by points xi
separated by distance ∆x. Periodicity condition is im-
plied at xN+1 = x1. In principle it is more fundamental
to write the discretizied action initially and then quan-
tize the system. But at this way one may encounter
the some additional complexity, because some additional
constraints could arise besides the Hamiltonian and mo-
mentum constraints, as it happens for the quantization
of the discretizied string [26]. Additional constraints will
not be essential because they will vanish in the continu-
ous limit and only hamper an analysis. Thus, we prefer
to do the discretization empirically looking at the exact
(but practically unusable) functional equations obtained
in the previous section.
6Continuous V -field and its momentum piV (x) should be
replaced by the discrete quantities piV (x) → piV j/
√
∆x,
V (x) → Vj/
√
∆x [27], where piV j and Vj posses an
ordinary commutation relation [piV n, Vm] = −iδnm in-
cluding the Kronecker symbol δmn. Indeed, we have
[piV (xn), V (xm)] = −iδnm/∆x in this case for piV (xn)
and V (xm), that turns into the Dirac delta-function
δnm/∆x→ δ(xn−xm) in the limit of ∆x→ 0. However,
it is more convenient to use the quantities piV j = piV (xj),
Vj = V (xj) straightforwardly, for which the commuta-
tion relations [piV n, Vm] = −iδnm/∆x should be used, as
well. These commutation relations can be realized by the
operators Vˆm = Vm, pˆiV n = − i∆x ∂∂Vn , or alternatively
by pˆiV m = piV m, Vˆn =
i
∆x
∂
∂piV n
.
The discrete Wheeler-DeWitt equation in the vicinity
of αj = α0 → −∞ has the following form in the momen-
tum representation:
(
− 1
(∆x)2
∂2
∂2αi
+ pi2V i + pi
2
B
)
ψ(αi, . . . αN , piV 1, . . . piV N )
= 0,
with the solution
ψ(α1 . . . αN , piV 1, . . . , piV N ) =
C(piV 1, . . . ..., piV N ) exp

−i∆x N∑
j=1
αj
√
pi2V j + pi
2
B

 , (24)
where ∆x is the discretization length.
A mean value of an arbitrary operator can be evaluated
as
< ψ|Aˆ(α1 . . . αN , piV 1, . . . piV N , i
∆x
∂
∂piV 1
, . . . ,
i
∆x
∂
∂piV N
)|ψ >=∫
C∗(piV 1 . . . piV N )e
−i∆x∑N
j=1
αj
√
pi2
V j
+pi2
B Aˆ ei∆x
∑N
j=1
αj
√
pi2
V j
+pi2
BC(piV 1 . . . piV N )dpiV 1 . . . dpiV N
∣∣∣∣
α1...αN=α0→−∞
.(25)
For the equations of motion, one has to take some op-
erator ordering and then to come to its discrete represen-
tation. A question arises about the constraints evolution.
Constraints can be violated by both noncommutativity
of the operators and discretization of the equations of
motion. The last question is analogous to that regard-
ing the energy conservation in a system of the decretized
magnetic hydrodynamic equations [28]. The special dis-
cretization schemes were suggested for the magnetic hy-
drodynamic equations conserving the energy [28].
Let us demonstrate the solution of both problems. The
operators for the Hamiltonian and the momentum con-
straints could be discretized by using the symmetrical
ordering of operators:
Pˆj = S
(
e2αˆj
(
− αˆj+1 − αˆj
3∆x
αˆ′j +
Bˆj+1 − Bˆj
∆x
Bˆ′j +
2
3
αˆj+1 − αˆj
∆x
Bˆ′j +
Vˆj+1 − Vˆj
∆x
Vˆ ′j +
Bˆ′j+1 − Bˆ′j
3∆x
+
αˆ′j+1 − αˆ′j
3∆x
))
,(26)
Hˆj = S
(
1
2
e2αˆj
(
−αˆ′2j + Bˆ′2j + Vˆ ′2j
)
+ e2αˆj+4Bˆj
(
1
6
(
αˆj+1 − αˆj
∆x
)2
+
αˆj+1 − 2αˆj + αˆj−1
3(∆x)2
+
7
6
(
Bˆj+1 − Bˆj
∆x
)2
+
Bˆj+1 − 2Bˆj + Bˆj−1
3(∆x)2
+
4
3
(αˆj+1 − αˆj)(Bˆj+1 − Bˆj)
(∆x)2
+
1
2
(
Vˆj+1 − Vˆj
∆x
)2))
.(27)
Therein and hereinafter we will use the prime to denote
a derivative over conformal time η. At this stage more
careful definition of the symmetrization [29, 30] is needed.
For an arbitrary function f(x1, x2, · · ·xn) of n−variables,
one may define a formal Fourier transform
f˜(ζ1, ζ2 . . . ζn) =
1
(2pi)n
∫
f(x1, x2, . . . xn)e
−i(x1ζ1+x2ζ2...xnζn)dx1 . . . dxn.
A symmetrized function of noncommutative operators
7Aˆ1, . . . Aˆn is defined as
S(f(Aˆ1, Aˆ2 . . . Aˆn)) =∫
f˜(ζ1, ζ2, . . . ζn)e
i(Aˆ1ζ1+Aˆ2ζ2...Aˆnζn)dζ1 . . . dζn.
Our idea is to use the discretized version of Eqs. (10),
(11) as the equations of motion:
Hˆ′j =
e4Bˆj+1 Pˆj+1 + Pˆj+1e4Bˆj+1 − e4Bˆj Pˆj − Pˆje4Bˆj
2∆x
,(28)
Pˆ ′j =
Hˆj+1 − Hˆj
3∆x
. (29)
Using the formula for differentiation of a symmetrized
function [30]:
d
dη
S(f(Aˆ1(η), Aˆ2(η) . . . Aˆn(η)))
= S

 n∑
j
dAˆj
dη
∂jf(Aˆ1(η), Aˆ2(η) . . . Aˆn(η))

 , (30)
(here ∂jf(x1, x2 . . . xn) denotes a partial derivative of a
function f over the j−argument) allows calculating the
time derivatives in the left hand side of Eqs. (28,29) and
rewriting Eqs. (28,29) in the form of
S
(
e2αˆj
(
Bˆ′jBˆ
′′
j + Vˆ
′
j Vˆ
′′
j − αˆ′jαˆ′′j +
1
3(∆x)2
e4Bˆj
(
7Bˆ2j + 7Bˆ
2
j+1 + 2Bˆj−1 + 3Vˆ
2
j − 2Bˆj(2 + 7Bˆj+1 − 4αˆj + 4αˆj+1)
+2Bˆj+1(1 − 4αˆj + 4αˆj+1)− 6Vˆj Vˆj+1 + 3Vˆ 2j+1 − 4αˆj + αˆ2j + 2αˆj+1 − 2αˆjαˆj+1 + αˆ2j+1 + 2αˆj−1
)(
2Bˆ′j + αˆ
′
j
)
+αˆ′j
(
Bˆ′2j + Vˆ
′2
j − αˆ′2j
)
+
1
3(∆x)2
e4Bˆj
(
(−2 + 7Bˆj − 7Bˆj+1 + 4αˆj − 4αˆj+1)Bˆ′j + (1− 7Bˆj + 7Bˆj+1 − 4αˆj
+4αˆj+1)Bˆ
′
j+1 + Bˆ
′
j−1 + 3Vˆj Vˆ
′
j − 3Vˆj+1Vˆ ′j − 3Vˆj Vˆ ′j+1 + 3Vˆj+1Vˆ ′j+1 − 2αˆ′j + 4Bˆjαˆ′j − 4Bˆj+1αˆ′j + αˆjαˆ′j − αˆj+1αˆ′j
+αˆ′j+1 − 4Bˆjαˆ′j+1 + 4Bˆj+1αˆ′j+1 − αˆjαˆ′j+1 + αˆj+1αˆ′j+1 + αˆ′j−1
)))
=
e4Bˆj+1 Pˆj+1 + Pˆj+1e4Bˆj+1 − e4Bˆj Pˆj − Pˆje4Bˆj
2∆x
, (31)
S
(
e2αˆj
(
−3Bˆ′2j − 3Vˆ ′2j + 2Bˆ′j+1αˆ′j − αˆ′2j + 2αˆjαˆ′2j − 2αˆj+1αˆ′2j + 3Vˆ ′j (Vˆ ′j+1 + 2(−Vˆj + Vˆj+1)αˆ′j) + αˆ′j αˆ′j+1
+Bˆ′j(3Bˆ
′
j+1 + (−4− 6Bˆj + 6Bˆj+1 − 4αˆj + 4αˆj+1)αˆ′j + 2αˆ′j+1) + (−1− 3Bˆj + 3Bj+1)Bˆ′′j − 2αˆjBˆ′′j + 2αˆj+1Bˆ′′j
+Bˆ′′j+1 + 3(−Vˆj + Vj+1)Vˆ ′′j − αˆ′′j + (αˆj − αˆj+1)αˆ′′j + αˆ′′j+1
))
= Hˆj+1 − Hˆj , (32)
where Hˆj and Pˆj are given by (26), (27). As the third
equation, the discretized version of Eq. (6) can be taken
Vˆ ′′j + S
(
2Vˆ ′j αˆ
′
j − e4Bˆ
(
Vˆj+1 − 2Vˆj + Vˆj−1
(∆x)2
+2
(Vˆj+1 − Vˆj)(αˆj+1 − αˆj)
(∆x)2
+4
(Vˆj+1 − Vˆj)(Bˆj+1 − Bˆj)
(∆x)2
))
= 0. (33)
It is evident that the constraints remain zero dur-
ing evolution because Hˆj , Pˆj equal to zero initially at
α0 ≈ −∞ in accordance with the initial conditions and
remain zero for this initial conditions according to Eqs.
(28), (29). These equations are equivalent to Eqs. (31),
(32). One has note that Eqs. (31), (32) can be used
even without right hand side. If another initial condi-
tions are chosen, the constraints are nonzero and evolve
in accordance with Eqs. (28), (29).
Thus, we have three operator equations (31),(32),(33)
(or, equivalently, Eqs. (32),(33) without the right-hand
sides), which are equivalent completely to the classical
equations (4), (5), (6) for commuting quantities in the
limit of ∆x→ 0 .
The equations should be solved with the following ini-
tial conditions
Vˆj(0) =
i
∆x
∂
∂piV j
, Vˆ ′j (0) = e
−2α0piV j ,
8Bˆj(0) = B0 − 1
piB
(
1
3
√
pi2V j + pi
2
B
+
j∑
k=1
S
(
piV k−1
i
∆x
(
∂
∂piV k
− ∂
∂piV k−1
)))
,
Bˆ′j(0) = e
−2α0piB , αˆj(0) = α0,
αˆ′j = e
−2α0
√
pi2V j + pi
2
B, (34)
where j ∈ 1, N and it is implied that piV 0 = piV N .
Eqs. (34) are a discrete analog to the initial condi-
tions (17), but the infinite integral for Bˆ(0) is replaced
by finite sum, because we use a box with the periodic
boundary conditions. The initial conditions (34) have to
provide zero values of the constraints (26), (27) at the
initial moment of time, at α0 → −∞. That is really so
for all j 6= N , but the value of the momentum constraint
turns out to be equal PˆN (0) = Ω for j = N , where the
operator Ωˆ takes the form
Ωˆ =
N∑
j=1
S
(
i
∂
∂piV j
(piV j−1 − piV j)
)
. (35)
The operator Ωˆ is symmetrical over all Vˆj = i
∂
∂piV j
and
piV j . The equality Ωˆ = 0 cannot be satisfied as the opera-
tor equation. That gives the condition for a state vector
of the Hilbert space where quasi-Heisenberg operators
should act:
Ω|Ψ >= 0. (36)
The situation is analogous to that occurring in the light
cone quantization of a closed string [31], where the resid-
ual condition from the momentum constraint remains af-
ter the excluding of the superfluous degrees of freedom.
In our case it is possible to do not impose the condition
(36) but to take a large number of the field oscillators
N to diminish a relative error. This corresponds to the
limit N →∞ of an infinite system with existence of some
minimal length ∆x.
In the vicinity of small scale factors, the time deriva-
tives are much larger than the spatial ones so that the
operator equations take a simple form
αˆ′′j + αˆ
′2
j + Vˆ
′2
j + Bˆ
′2
j = 0, (37)
Bˆ′′j + 2Bˆ
′
jαˆ
′
j = 0, (38)
Vˆ ′′j + 2Vˆ
′
j αˆ
′
j = 0, (39)
with the constraint −αˆ′2j + Bˆ′2j + Vˆ ′2j = 0. All quan-
tities, i.e. αˆ′j , Bˆ
′
j , Vˆ
′
j in these equations commute with
each other. The solution of Eqs. (37),(37),(38) with the
initial conditions (34) is given as
Vˆj(η) = Vj(0)
+
piV j
2
√
pi2B + pi
2
V j
ln
(
1 + 2e−2α0
√
pi2B + pi
2
V j η
)
,
Bˆj(η) = Bˆj(0)
+
piB
2
√
pi2B + pi
2
V j
ln
(
1 + 2e−2α0
√
pi2B + pi
2
V j η
)
,
αˆj(η) = α0
+
1
2
ln
(
1 + 2e−2α0
√
pi2B + pi
2
V j η
)
.
Although the evolution in the vicinity of small η, where
α ≈ α0 ≈ −∞ is relatively simple, the evolution governed
by the general equations (31), (32), (33), when the fields
begin to oscillate is very complicated and needs the nu-
merical investigation that is beyond the scopes of this
article.
V. DISCUSSION AND CONCLUSION
The choice of a considered system state needs an
additional analysis. This state cannot be identified
with “initial” one. The reason is that only the state
C(piV 1, . . . ..., piV N ) describing all evolution of system al-
lows calculating the mean values of the quasi-Heisenberg
operators at any moment of time. This state is not re-
lated to the notion of “vacuum” since there is no field
oscillators in the limit of α→ −∞.
The solution of the Wheeler-DeWitt equation for the
Gowdy model was investigated in Ref. [20]. Although,
another quantities were introduced in Ref. [20], instead
of logarithm of scale factor α and B-field, namely
T = B + α,
λ = 6(B − α), (40)
the asymptotic of the Wheeler-DeWitt equation in the
vicinity of T → −∞ contains only the momentums by
analogy with Eq. (18) and admits the solutions of a plane
wave type. Asymptotic of the Wheeler-DeWitt equation
in the vicinity of T → ∞ is of an oscillator type [20].
Quasiclassical treatment of the Wheeler-DeWitt equa-
tion with regard to an evolution of universe allows in-
terpreting as a scattering problem [20]. This means that
a packet of plane waves at T → −∞ evolves to a number
of gravitons at T → ∞. It should be noted that there
exists no the state without gravitons at T →∞.
The later work [13] regarding the Gowdy model quan-
tization seems a step back in some sense, because it con-
siders the graviton creation from vacuum in a style of
Refs. [32–35]. As was suggested in Ref. [13], there are
no gravitons at some time T0 when the field oscillators
exist already and the gravitons appear later from the
vacuum during evolution.
In the presented evolutionary picture, a state describ-
ing an evolution of universe exists in the form of the
“plane waves” packet. During evolution, this will re-
sult in an appearance of vacuum and some gravitons
over it, i.e. one may expect that the correlators <
Vˆ (η, x)Vˆ (η, x′) > will be analogous to the correlators of
QFT corresponding to some gravitons over background.
9There is no a wave packet, which would give the cor-
relators corresponding to a pure vacuum of universe in
future, i.e. an appearance of matter is inevitable in this
model. However, the matter is not created from a vac-
uum, because universe is not empty always. It should
be reminded that in our model state of a system does
not evolve, we would be only able to calculate the cor-
relators of the quasi-Heisenberg operators and do some
conclusions by comparing them with the correlators of
conventional QFT.
As an example of a state, one may take
C(piV 1, . . . ..., piV N ) = CN exp

−b N∑
j=1
pi2V j

 , (41)
where CN is the normalization constant, and we do not
put the residual condition (36) for simplicity.
This state implies that the momentums are random
and independent in spatial points. It is not similar to a
vacuum state of QFT, as the fields (and their momen-
tums) in a QFT vacuum state are highly correlated in
the nearest spatial points.
As an example of the mean value calculation, one may
take the evolution of a “Hubble constant” at small η:
<
1
aˆj
daˆj
dt
>=<
1
aˆ2j
daˆj
dη
>=< exp(−αˆj)dαˆj
dη
>
=
b1/4
2η3/2
U(1/4, 3/4, b pi2B), (42)
where U(a, b, z) is the confluent hypergeometric function.
For this state, the universe is expanded uniformly in a
mean. It would be interesting to calculate the evolution
of correlators < Vˆj(η)Vˆn(η) >. Initially the field Vˆj is
uncorrelated for the different j, n: < Vˆj(η)Vˆn(η) >∼ δjn
but then some correlation should arise.
To summarize, the failure of QFT in a flat spacetime to
deal with such an inherently non-linear theory as gravity
and existence of “problem of time” insists on an inven-
tion of some new quantization procedures. The quasi-
Heisenberg quantization scheme considered may provide
the calculational framework for an investigation of quan-
tum evolution. The goal of further investigation may be
the vacuum energy problem, more exactly, its possible
zero value in the quantization scheme considered. That
may result from the compensation of zero point fluctua-
tions of gravitational waves by the quantum fluctuations
of scale factor. Thereby, the fluctuations do not con-
tribute to mean evolution. It should be noted, that this
will be purely quantum effect lacking in classics [36]. An
additional issue is a calculation of field correlators in or-
der to determine their correspondence to correlators of
the ordinary QFT in late times.
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